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1. I~~R00ucT10N 
Let L be a finite dimensional Lie algebra over an arbitrary field F. For 
x E L, the Engel subalgebra EL(x) of L is the Fitting null-component of L 
relative to ad x. 
The purpose of this paper is to determine the structure of Lie algebras L 
in which the proper Engel subalgebras do not contain any nonzero 
ad-nilpotent elements of L (we shall call these algebras E.a.-Lie algebras for 
short). 
D. Winter in [i2] has studied Lie algebras L, over an algebraically 
closed field, all of whose proper Engel subalgebras are triangulable when 
represented as linear Lie algebras on L by way the adjoint representation 
(such algebras are called E.t.-Lie algebras). These Lie algebras were 
conceived as generalizations of the Lie algebras in which the centralizer 
C,(x) is nilpotent for all nonzero x E L (c.n.-Lie algebras) which have been 
studied by Benkart and Isaacs in [2]. 
E.a.-Lie algebras may be regarded as generalizations of c.n.-Lie algebras 
in an opposite way than E.t.-Lie algebras. If L is a non-solvable E.t.-Lie 
algebra then “almost all” elements of a proper Engel subalgebra EL(x) of L 
are ad-nilpotent on L. In fact: EL(x) = N + Fx, where N = { y E L 1 ad y is 
nilpotent}, so that N has codimension one in E,(x) [ 12, Corollary 5.63. Of 
course, ad x cannot be nilpotent since EL(x) # L. 
However, we shall see that c.n.-Lie algebras and E.a.-Lie algebras are 
closely related, even over more general fields. 
On the other hand, our study of E.a.-Lie algebras led us to consider Lie 
algebras L in which ad x is either nilpotent or semisimple for all x E L (here 
such algebras will be called X-algebras). Over any field, X-algebras are E.a. 
and in many cases both classes coincide. 
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X-algebras extend to Ad-semisimple Lie algebras (ad x semisimple for all 
XE L) which have been studied by Farnsteiner in [3-53. The author in 
[ 111 has considered Lie algebras all of whose proper Engel subalgebras are 
one dimensional (abbreviated P.E. 1). Ad-semisimple and P.E. 1 Lie algebras 
both may be regarded as a complement o Engel’s classical theorem on 
nilpotent Lie algebras. Clearly, all these algebras are E.a. 
In Section 2, we give some properties of E.a.-Lie algebras over an 
arbitrary field, and we relate them to X-algebras and c.n.-algebras. We 
show that a Lie algebra all of whose subalgebras are E.a. is c.n. 
In Section 3, we obtain the structure of a solvable E.a.-Lie algebra L 
over any field. We see that L is c.n. whenever L’ is nilpotent. 
In Section 4, we obtain the structure of any E.a.-Lie algebra over a field 
of characteristic zero. 
In Section 5, we consider the real number field case. We show that 
s/(2, R), s/(2, @)R, and the compact Lie algebras are the only real semi- 
simple Lie algebras L for which ad x is either nilpotent or semisimple for 
all x E L. Clearly, a compact semisimple non-simple Lie algebra is not c.n. 
In Section 5, we consider algebraically closed fields of prime charac- 
teristic. We show that over such fields, every X-algebra is c.n. Thus, the 
only simple Lie algebras for which the inner derivations are either nilpotent 
or semisimple are isomorphic to s/(2, F), the Witt algebra W,(F), or 
s/(3, F)/F.l. We also obtain that they are the only restricted simple E.a.-Lie 
algebras, and the only simple E.a.-Lie algebras of toral rank one. We show 
that c.n. and E.a.-Lie algebras coincide in many cases. And assuming that 
s/(2, F), W,(F), and s/(3, F)/F. 1 are the only simple E.a.-Lie algebras, we 
prove that c.n.-Lie algebras and E.a.-Lie algebras coincide. 
2. PROPERTIES OF Ea.-LIE ALGEBRAS 
Let S be a subalgebra of L. Then S is said to be a nil (resp. toral) sub- 
algebra of L if every element of S is ad-nilpotent (resp. ad-semisimple) on 
L. It is known that for any subalgebra S of L there is an unique maximal 
ideal, nil(S), of S which is a nil subalgebra of L. It is also known that every 
split toral subalgebra of L is abelian (see [7]). 
We say that S is an anisotropic subalgebra of L if S has no nonzero 
ad-nilpotent element on L. 
We say that a Lie algebra L is Engel subdgebra anisotropic (abbreviated 
E.a.) if every proper Engel subalgebra of L is an anisotropic subalgebra 
of L. 
2.1. PROPOSITION. Let L be an E.a.-Lie algebra over an arbitrary field. 
Then the following statements hold: 
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(1) if Z(L) # 0, then L is nilpotent. 
(2) C,(x) is nil for every nonzero ad-nilpotent element x E L. 
(3) ifs < L is nilpotent, then either nil(S) = S or S is anisotropic on L. 
Proof: (1) Let x E L, then clearly Z(L) < nil(E,(x)) < EL(x). Assume 
Z(L) # 0, then EL(x) = L since L is E.a. Therefore, L is nilpotent by Engel’s 
theorem. 
To prove (2), let x be a nonzero ad-nilpotent element of L. Let 
ye C,(x), then x E C,(y) <E,(y). It follows EL(y) = L, thus ad y is 
nilpotent. 
To prove (3), let S be a nilpotent subalgebra of L. If nil(S) # S, there 
exists y E S such that ad y is not nilpotent on L. We have S < E,(y) # L, 
this yields that S is anisotropic on L since EL(y) is. [ 
2.2. PROPOSITION. Let L be an E.a.-Lie algebra over an arbitrary field. 
Assume that L is not nilpotent. Then the foIlowing holds: 
(1) C,(x) < L” for every ad-nilpotent element x E L, where L” is the 
last term of lower central series of L. 
(2) C,(N(L))<N(L)<L” whenever N(L)#O. 
Proof: (1) Suppose x E L is ad-nilpotent, then C,(x) is a nil sub- 
algebra of L by proposition 2.1. Let S be a maximal nil subalgebra of L 
containing C,(x). Since L is non-nilpotent, we have S # L. Define p: S + 
gl(L/S) by p(x)( y + S) = [ yx] + S for x E S, y E L. Then p(S) < gl(L/S) and 
every element of p(S) is nilpotent. Thus, by Engel’s theorem there exists 
y E L\S such that [yS] < S. Now note that W= (Ad, S) u (Ad, Fy) is a 
weakly closed system of linear transformation of L. Then, if ad y is 
nilpotent, from Jacobson [8] it follows that S+ Fy is nil on L, which is in 
contradiction to the maximality of S. Therefore, ad y cannot be nilpotent, 
so that EL(y) # L. Then, as L is E.a., we conclude E,(y) n S = 0 and y acts 
non-singularly on S. This yields S< L,(y) where L,(y) is the Fitting one- 
component of L relative to ad y. But, clearly L,(y) < L”. Hence, 
x E C,(x) G S G L”. This completes the proof of ( 1). 
To prove (2), assume N(L) # 0 and let 0 # x E N(L), so that C,(ZV(L)) < 
C,(x). Since ad x is nilpotent, we have that C,(x) is nil by proposition 
2.1(2). Therefore, C,(N(L)) is a nilpotent ideal of L, whence C,(N(L))< 
N(L). Finally, N(L) < L” by (1). The proof is complete. 1 
Note that if L is a c.n.-Lie algebra, then subalgebras of L are also. 
However, it is not true for E.a.-Lie algebras. In the following we consider 
Lie algebras all of whose subalgebras are E.a.-Lie algebras. 
2.3 COROLLARY. Let L be a Lie algebra, over an arbitrary field, all of 
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whose subalgebras (including L itself) are E.a. Then L is c.n. Furthermore, 
C,(x) is nil on EL(x) for all XE L. 
Proof Letting XE L, if ad x is nilpotent, C,(x) is nil on L by 
Proposition 2.1. Then assume ad x is not nilpotent, so EL(x) #L. But since 
EL(x) is an E.a.-Lie algebra and ad x is nilpotent on EL(x), we conclude 
that C,(x) is nil on EL(x) by (2.1) again. 1 
A Lie algebra L is said to be Ad-semisimple if ad x is semisimple for all 
x E L (see [ 31). We say that L is a P.E.l-Lie algebra if every proper Engel 
subalgebra of L is one-dimensional, that is, EL(x) = Fx or L for all x E L. 
These Lie algebras have been considered in [ 111. 
Clearly, nilpotent, centerless Ad-semisimple and P.E. l-Lie algebras are 
E.a.-Lie algebras. 
Next, we consider Lie algebras L for which ad x is either nilpotent or 
semisimple (but not both) for all nonzero XE L. In the following 
proposition we show that they are also E.a.-Lie algebras. 
2.4. PROPOSITION. Let L be a Lie algebra over an arbitrary field. Then 
the following are equivalent: 
(1) ad x is either nilpotent or semisimple for all x E L, 
(2) C,(x) is either nil or toral on L for all nonzero x E L, 
(3) all proper Engel subalgebras of L are toral on L. 
Proof: (1) implies (2). Let x be a nonzero element of L. First assume 
ad x is nilpotent and let 0 # y E C,(x). Then ad y must be nilpotent, 
otherwise, the element z = x + y would be neither ad-nilpotent nor 
ad-semisimple. Now, assume ad x is semisimple and then, as above, we 
have that every element of C,(x) must be ad-semisimple on L. Thus 
(2) follows. Clearly, (2) implies (1) and (3) implies (1). 
To prove (1) implies (3), suppose E,(x) # L, so that ad x is not 
nilpotent. Then it is semisimple, thus EL(x) = C,(x) and the result follows 
by (2). I 
2.5. COROLLARY. If every element of L is either ad-nilpotent or 
ad-semisimple and Z(L) = 0, ,then L is E.a. 
The converse of (2.5) follows under additional assumptions. 
2.6 PROPOSITION. Let L be an almost-algebraic Lie algebra with 
Z(L) = 0 over a perfect field. Then the following are equivalent. 
(1) L is E.a., 
(2) ad x is either nilpotent or semisimple. 
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Proof: (1) implies (2). Assume x E L is not ad-nilpotent and consider 
the Jordan-Chevalley decomposition of ad x, ad x = D, + D,. It is known 
that D, and D, are deviations of L. Now, since Ad L is almost-algebraic we 
have D,, D, E Ad L. Write D, = ad n and D, = ad s. Since Z(L) = 0, we 
have x=n +s and [ns] =O. This yields nE C,(s)= EL(s). But, ad s#O 
since ad x is not nilpotent, so E,(s) # L. It follows n = 0 by (1) and then 
ad x is semisimple. The converse follows by (2.5). 1 
2.7 COROLLARY. Let L be a Lie algebra of characteristic zero. Then the 
following statements hold: 
(1) Assume L is simple, then L is E.a. tf and only tf ad x is either 
nilpotent or semisimple for all x E L. 
(2) Assume L is semisimple but not simple. Then L is E.a. tf and only 
if L is Ad-semisimple. 
Proof ( 1) It is a consequence of (2.6). To prove (2) decompose 
L=N,@ . . . 0 N, where each N, is simple and r > 1. Now suppose L is 
E.a. and let 0 #x E Ni such that ad x is nilpotent on Ni. Then we take 
y E Nj with ad y non-nilpotent on Nj and j # i. We have, x E Ni < C,(y) < 
EL(y) #L. This yields that ad x is not nilpotent since L is E.a. Then, by 
proposition 2.6, ad x must be semisimple and thus (ad x) = 0 on Ni, so 
XE Z(Ni) = 0 which is a contradiction. We conclude that each Ni is 
Ad-semisimple, and so L is. The converse is clear. 1 
3. THE STRUCTURE OF A SOLVABLE Ea.-LIE ALGEBRA 
3.1. PROPOSITION. Let L be an E.a.-Lie algebra over an arbitrary Jield. 
Assume L is solvable but not nilpotent. Then 
N(L)= {xo LIadx is nilpotent}, 
where N(L) is the nilradical of L. 
Proof Write K, = L” and Ki+ , = (Ki)” for i > 1. Since L is solvable 
and non-nilpotent, we have L # K, # 0 and K, = 0 for some r > 1. Suppose 
K,-, # 0, then (K,- ,)O = K, = 0 so that K,- , is a nilpotent ideal of L. 
Therefore, there exists a number i such that Ki is nilpotent and Kim, is not 
(K, = L). Clearly, K,, . . . . Ki- , are E.a.-Lie algebras. Then applying 
successively proposition 2.2, we conclude that every ad-nilpotent element of 
L belongs to (Ki- 1)o = Ki. We have Ki < N(L), so N(L) = Ki and the result 
follows. 1 
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3.2. THEOREM. Let L be a solvable Lie algebra over an arbitrary field. 
Then L is E.a. if and only if one of the following holds: 
(1) L is nilpotent, 
(2) L = A Q S where A is a nilpotent ideal of L and S is a subalgebra 
of L, and for a basis b, , . . . . b, of S the transformation ti(ad b, ) + . . . + 
t,(ad b,) is non-singular on A whenever not all scalars ti are zero. Moreover, 
in this case A = N(L) < L’. 
Proof Suppose that L is E.a. but not nilpotent. We consider the series 
of ideals of L, L = K, > . . > K, = 0, where Ki+ , = ( Ki)“. In the proof of 
proposition 3.1, we have shown that N(L) = Ki for some i > 0. Now, take 
XE Ki- ,\Ki. By (3.1) ad x cannot be nilpoteit, so EL(x) # L. Since every 
subalgebra of L containing EL(x) must be self-normalizing (see Cl]), we 
have E,(x) & K,. And thus, for 0 Gj< i, we find EL(x) n Kj = EK,(x). 
Now, we consider the Fitting one-component K,, of K relative to ad x, for 
0 < j < i, Clearly, K,, < KY = Kj, , , thus 
This yields L = N(L) + EL(x). And as L is E.a., we have EL(x) n N(L) = 0. 
Finally, let y E E,(x), y # 0. Then ad y cannot be nilpotent, so E,(y) # L 
and then C,(y) n N(L) < E,(y) n N(L) = 0 since L is E.a., whence y acts 
non-singularly on N(L). This completes the proof in one direction. 
In order to prove the converse, suppose L is as in (2) and take y E L\ A. 
Decomposey=a+t,b,+ ... + t,b,s where a E A and t, , . . . . t, E F. Since A is 
nilpotent, we can take r such that A’ = 0 and A’- ’ # 0. We find that the 
transformation of Ai/Aif’ induced by ad y is the same as that induced by 
ad (t,b, + ... + t,b,) since [aA’] < Ai+’ (i=O, . . . . r- 1). Therefore, y acts 
non-singularly on each factor AilA’+‘, whence ad y is non-singular on A. 
We conclude that every ad-nilpotent element of L belongs to A, and that 
C,(y) n A = 0 for every y E L\ A. 
Now we have that EL(y) n A = 0, otherwise there would exist 0 # u E A 
such that u(ad y)‘=O and u(ad y)‘-’ # 0 (for some r), this yields 
u(ad y)‘- ’ E A n C,(y) = 0, a contradiction. Therefore, If E,(z) is a proper 
subalgebra of L, then z 4 A and EL(z) n A = 0, so that E,(z) is anisotropic 
on L. This shows that L is E.a. and the proof is complete. 1 
The above theorem gives us a way to construct E.a.-Lie algebras. Let S 
be an arbitrary Lie algebra with basis b,, . . . . 6, and p: S + gl( V) a 
representation of S such that t, p(b, ) + . . . + t,p(b,) is non-singular 
whenever not all ti are zero. Then the semi-direct product L = V i S is an 
E.a.-Lie algebra. 
EXAMPLE. Let L=((e,,e,,x, y,)) with [e,x]=e,, [e,x]= -e,, 
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Ce,yl=eI+e2, Ceyl= --el+ez, [e,eJ = 0, and [xy] = 0, over the real 
number field. Then L is a solvable E.a.-Lie algebra. 
3.3. COROLLARY. Zf L’ is nilpotent and L is E.a., then C,(x) is either 
abelian or nil on L for all nonzero x E L. In particular, L is a c.n.-Lie algebra. 
Proof: Let x E L with x # 0. If ad x is nilpotent, then C,(x) is nil on L 
by Proposition 2.1. Then suppose ad x is not nilpotent. In the proof of 
Theorem 3.2, we proved that L = N(L) -i- EL(x). Now, since L’ is nilpotent 
L’ = N(L), so C,(x) < EL(x) is abelian. 1 
3.4. COROLLARY. Let L be a solvable non-nilpotent Lie algebra over an 
algebraically closed field of arbitrary characteristic. Then L is E.a. if and 
only if L = A $ Fx, where A is a nilpotent ideal of L and x acts non- 
singularly on A. 
Proof. It follows from Theorem 3.3 and [2, Lemma 2.11. 1 
Remark. If L is an E.a.-Lie algebra with L’ nilpotent, then every proper 
Engel subalgebra of L is an abelian Cartan subalgebra of L, this follows 
from Corollary 3.3. However, the following example shows that the 
converse if not true. 
EXAMPLE. Let L = ((e,, e,, a, x)) over the real field, with [e,eJ = a, 
[e,x] = e,, [e,x] = -e,. We have that L’ is nilpotent. Let YE L, 
write y = t, e, + tzez + aa + /Ix. The characteristic polynomial of ad y 
is T’(T+ fi’). Thus, if ad y is not nilpotent we have dim E,(y) = 2, so 
E,(y) = C,(y) = ((a, y)) which is abelian. Hence L is not E.a., but every 
proper Engel subalgebra is abelian. 
The following example shows that the condition L’ nilpotent cannot be 
removed in the above remark. 
EXAMPLE. Let F be a non-perfect field with char(F) = 3. Take a E F\ F3. 
Let L = (e,, e,, e,, u, v)) with [e,-,u] = e,, Ce,ul = e2, Ce2ul = eo, 
Ceovl = ae,, Ce,vl=(a+l)e,, [e2v] = (o! + 2) e2, and [uv] = u. Then L is 
a solvable E.a.-Lie algebra and EL(u) = ((u, v)) is not a Cartan subalgebra 
of L. 
4. THE CHARACTERISTIC ZERO CASE 
4.1. PROPOSITION. Let F be a field with char(F) = 0. Then for a Lie 
algebra L over F the following are equivalent: 
(1) L is E.a., 
(2) for each XE L, either C,(x) is nil on L or C,(x) = E,=(x) #L. 
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Proof: (1) implies (2). Let XE L, if ad x is nilpotent then C,(x) is nil on 
L by (2.1). Now assume ad x is not nilpotent, so that EL(x) # L. We claim 
C,(x) = EL(x). Suppose not, then there exists z E EL(x)\ C,(x), and we can 
take r > 1 such that z(ad x)~= 0 but z(ad x)‘- ’ # 0. Write u = z(ad x)~-*, 
we have [ [ux]x] = 0 whence [[ad U, ad x] ad x] = 0. From Jacobson [8] 
it follows that [ad U, ad x] = ad[ux] is nilpotent. However, [[KU] x] = 0 
so [ux] E C,(x) < EL(x). And as L is E.a., this yields 0 = [KY] = z(ad x)‘~ ’ 
a contradiction. 
(2) implies (1). Let YE EL(x) < L. By (2), EL(x) = C,(x) so that 
[yx] = 0 whence x E C,(y). If ad y is nilpotent, then EL(y) = L and thus 
C,(y) must be nil on L by (2). This yields ad x is nilpotent, which is a 
contradiction with EL(x) #L. This completes the proof. i 
4.2. PROPOSITION. Let L be an E.a.-Lie algebra of characteristic zero. 
Assume E is a proper Engel subalgebra of L. Then, E = A @ S where A is an 
abelian ideal of E, S is a semisimple ideal of E, and S is toral on L. In 
particular, E is reductive. 
Proof: Let y E E such that ad, y is nilpotent. Since L is E.a. and 
y E E # L, we have that ad y cannot be nilpotent on L and so C,(y) is not 
nil on L. Then, by Proposition 4.1, it follows C,(y) = E,(y). But, ad, y 
nilpotent implies E < EL(y), thus [E, Jj] = 0. We conclude that every 
element of E which is nilpotent on E is contained in the center, Z(E), of E. 
In particular, the nil-radical N(E) of E is contained in Z(E). 
Now, consider the solvable radical R(E) of E. Since R(E)’ is nilpotent, 
we have 
R(E)’ <N(E) < Z(E) < Z(R(E)) < R(E) 
whence, R(E)/Z(R(E)) is abelian and thus R(E) is nilpotent. Hence 
R(E) = N(E) = Z(E). This yields E = Z(E) 0 E’ and E’ is semisimple. 
What remains is to show that every element of ad,E’ is a semisimple 
transformation on L. Note that (ad, E’)’ = ad, E” and ad,E” = ad, E’, 
thus ad,E’ is algebraic. Therefore, for each ye E’, we have that ad,E’ 
contains the nilpotent and semisimple components of ad, y. But since L is 
E.a., it follows that the nilpotent component of ad, )’ must be zero. Hence, 
ad, y is semisimple. The proof is complete. [ 
A subalgebra S of L is said triangulable on L if ad,S = {ad,x 1 x E S} is a 
Lie algebra of linear transformations of L which is triangulable over the 
algebraic closure of F (see [12]). 
A subalgebra S of L is said semi-triangulable on L if S” is a nil sub- 
algebra of L (see [12]). 
Note that a nilpotent subalgebra of L is not necessarily triangulable 
on L. 
ANISOTROPIC ENGELSUBALGEBRAS 89 
4.3. COROLLARY. Let L be an E.a.-Lie algebra of characteristic zero. 
Then the following statements hold: 
(1) tf S< L is nilpotent, then either nil(S) = S or S is an anisotropic 
abelian subalgebra of L; 
(2) every Cartan subalgebra H of L is abelian and anisotropic on L (tf 
L is non-nilpotent ); 
(3) every nilpotent subalgebra of L is triangulable on L; 
(4) every semi-triangulable subalgebra of L is triangulable on L; 
(5) L’= L” (if L is non-nilpotent). 
Proof ( 1) Let S be a nilpotent subalgebra of L. Assume nil(S) # S, 
then S is anisotropic by Proposition 2.1. Take 0 # y E S, then EL(y) # L 
and S< EL( y) since S is nilpotent. From (4.2) it follows that EL(y) is an 
Ad-semisimple Lie algebra. This yields S is abelian. 
(2) Let H be a Cartan subalgebra of L. Since H is selfnormalizing, from 
Engel’s theorem it follows that nil(H) # H. Now, the result follows by (1). 
(3) By [ 12, Theorem 2.21, a subalgebra S of L is triangulable if and 
only if S/nil(S) is’ abelian. Thus (3) follows from ( 1). 
(4) Let S be a semi-triangulable subalgebra of L, so that S” is nil on L. 
Take a Cartan subalgebra H of S, then we have S = H + S”. By (3), we 
may suppose that H # S and then nil(H) # H. By (l), we have that H is 
abelian. This yields S/So is abelian, so S’ = S” is nil on L, and the result 
follows by [ 12, Theorem 2.23. 
(5) Let H be a Cartan subalgebra of L, then L = H + L”. Since H is 
abelian by (2) it follows L’ = L”. This completes the proof. 1 
4.4 PROPOSITION. Let L be a Lie algebra of characteristic zero all of 
whose subalgebras are E.a. Then, every proper Engel subalgebra of L is 
abelian. In particular, C,(x) is abelian for all non-nilpotent XE L. 
Proof Let E = EL(x) # L. Take a minimal Engel subalgebra EL(y) of L 
contained in E. By Barnes [1], E,(y) is a Cartan subalgebra of L. On the 
other hand, since ad x is not nilpotent we have EL(x) = C,(x), [xy] = 0 
whence x E C,(y) < EL(y) < E. We conclude that EL(y) = E since E is E.a. 
and x is ad-nilpotent on E. Therefore, E is a Cartan subalgebra of L, and 
then E is abelian by Corollary 4.3(2). This completes the proof. 1 
4.5. THEOREM. Let L be a Lie algebra over afield of characteristic zero. 
Then L is E.a. if and only if one of the following holds: 
(1) L is nilpotent. 
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(2) L is simple and every element of L is either ad-nilpotent or 
ad-semisimple. 
(3) L = N, @ . . . @ N, where r > 1 and all Ni are simple Ad-semi- 
simple Lie algebras. 
(4) L = A Q S where A is a nilpotent ideal of L, S is a subalgebra of L 
satislving (2) or (3), and every ad-semisimple lement of S acts non- 
singularly on A. Moreover, A is abelian whenever S contains ad-nilpotent 
elements. 
(5) L = A @ (Be S) where A is a nilpotent ideal of L, B is a nonzero 
abelian subalgebra of L, S is a semisimple subalgebra of L, and S is 
Ad-semisimple, CBS] = 0 and B + S acts nonsingularly on A. 
Proof Suppose that L is a non-nilpotent E.a.-Lie algebra. By Levi’s 
Theorem, L = R(L) @ S where R(L) is the solvable radical of L and S is a 
semisimple subalgebra of L. Consider the linear Lie algebra AdLS< gl(L). 
Since Ad,S is algebraic, Ad,S contains the nilpotent and semisimple 
components of ad x for every XE S. Let ad,x= ad,n + ad,s denote the 
Jordan-Chevalley decomposition of ad,x. Then, x = n + s and [ns] = 0, 
thus n E C,(s) = EL(s). If s # 0, then EL(s) # L so that n = 0 since L is E.a. 
We conclude that every element of S is either ad-nilpotent or ad-semi- 
simple on L. In particular, S is E.a. by Corollary 2.5. Hence, S satisfies (2) 
or (3) by Corollary 2.7. 
Now assume that R(L) # 0 and R(L) is nilpotent. Let x E S such that 
ad,x is semisimple. Then x acts non-singularly on R(L), otherwise we 
would have an nonzero element y E R(L) such that y E C,(x) = EL(x) # L, 
but as ad y is nilpotent we have a contradiction with L is E.a. Therefore, L 
is as in (4). 
In order to prove the last assertion in (4), suppose that there exists x E S 
such that ad x is nilpotent. Then, from a result of Morozov and Jacobson 
[8, p. 981 it follows that there exist e, h E S such that [eh] = 2e, [ex] = h 
and [x/z] = -2x. Thus T = ((e, x, h)) is a split three-dimensional simple 
subalgebra of S. Now consider the subalgebra M= R(L) + T of L. Let 
m E E,(h) and write m = a + z where a E R(L) and z E T. We have, for some 
r, a(ad h)‘= -z(ad h)‘E R(L) n T=O, so that ae E,(h). But, h is 
ad-semisimple on L, then h acts non-singularly on R(L) by above. 
Therefore, E,(h) n R(L) =0, this yields E,(h) < EAh) = Fh and Fh is a 
Cartan subalgebra of M. Now, let Q denote the algebraic closure of F, and 
write M, = M@Q. Then M, is a non-solvable rank one Lie algebra over 
Q. Therefore [2, Theorem B] applies and the solvable radical R(MQ) of 
M, is abelian. Since R(M) = R(L), it follows that R(L) is abelian. 
Now assume that R(L) is not nilpotent. Clearly R(L) is also an E.a.-Lie 
algebra, then by Theorem 3.2 we have R(L) = A @ V where A is the 
nilradical of R(L), V is a subalgebra of R(L), and ad v is non-singular on A 
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for every v E K Since V# 0 and R(L)’ is nilpotent, this yields A < R(L)’ < 
N(L) < N(R(L)) = A, whence A = N(L). Then, if x E S\(O) is ad-semisimple 
we have C,(x) = EL(x) # L, so EL(x) n A =0 and then x acts non- 
singularly on A. In particular, A < Im(ad x) < L’. We have L = R(L) + S = 
A+ v+s; so 
L’<A’+[A, V]+[A,S]+[V,S]+S’<A+S<L’ 
since [ V, S] < [R(L), L] < N(L) by [8, p. 511. Therefore, L’ = A + S. 
On the other hand, we consider the representation of S on R(L), p: S + 
gl(R(L)), defined by p(s)(y) = [ ys] for every y E R(L) and s E S. We have 
that p is semisimple and A is p-invariant. Thus, there exists a subspace B of 
R(L) such that [B, S] <B and R(L) =A + B. But, [S, B] < [S, R(L)] < 
[L, R(L)] < N(L) = A, so we conclude that [S, B] <A A B = 0. 
Now we claim that B is a subalgebra of L. Let c E C,(S) n R(L) with 
c#O. Decompose c=a+ b where aE A and bE B. Take a nonzero 
ad-semisimple lement s E S. We have, 
0 = [cs] = [as] + [bs] = [as] 
thus a E EL(s) # L, whence a = 0 since a is nilpotent on L and L is E.a. We 
conclude that C,(S) n R(L) = B, and B is a subalgebra of L. 
Next, we claim that every element of S is ad-semisimple. Let 0 # s E S, by 
above ad s is either nilpotent or semisimple. Suppose that ad s is nilpotent 
and take a nonzero element b E B. Since [BS] = 0 we have s E EL(b + s) 
whence b+s must be ad-nilpotent. Write z= b+s, then b=z-s and 
[zs] = [bs] =O. This yields that ad b is nilpotent, and then 
b E N(R(L)) = A. It follows b E A n B= 0 which is a contradiction. 
Therefore, S is an Ad-semisimple Lie algebra. 
What remains is to prove that every nonzero element z of B+ S acts 
non-singularly on A. Suppose [az] =0 for some 0 #a~ A. Since 
aE A = N(L), it follows that z must be ad-nilpotent. Now decompose 
z = b + s where b E B and s E S, we have [zs] = [bs] = 0 so z E E,(s). This 
yields ad s is nilpotent, and then s = 0 by above. Thus, z = b and so b is 
ad-nilpotent. We have b E A n B = 0. This yields z = 0 which is a contradic- 
tion. Therefore, L is as in (5) and this completes the proof in one direction. 
In order to prove the converse, first suppose that L is as in (4). Let 
EL(x) # L and assume 0 # ZE EL(x) is ad-nilpotent. Then, decompose 
x = a + U, z = a’ + U’ where a, a’ E A and U, U’ E S. If u is ad-nilpotent, then 
(A + Fu) = (A + Fx) is nilpotent, whence x acts nilpotently on A. This 
yields ad x is nilpotent since x + A = u + A acts nilpotently on A, which is a 
contradiction. Therefore, ad u is not nilpotent. Now, let ad u = ad n + ad s 
be the Jordan-Chevalley decomposition of ad u, note that ad,S is 
algebraic because S = S’. Clearly Z(L) = 0 since S contains ad-semisimple 
92 VICENTE R. VAREA 
elements which act non-singularly on A by hypothesis. It follows u = n + s 
and [ns] = 0. This yields ads= 0, otherwise we would have that ad,u is 
neither nilpotent nor semisimple. Therefore, n =0 and then u is ad-semi- 
simple. 
On the other hand, we have 
[2x] = [a’, a] + [a’, u] + [u’, u] + [u’, a] = a, + [u’, u], 
where a, E A. By induction, we find that 
z(ad x)’ = a, + u’(ad u)‘, 
where u,EA. But since ZE EL(x), then z(ad x)‘=O for some r, this yields 
a, = -u’(ad u)~ E A n S = 0. Thus, 
u’ E EL(U) = C,(u) # L 
whence U’ cannot be ad-nilpotent, so ad U’ is semisimple. 
Now, since A is nilpotent, we can take a number k such that Ak = 0 and 
Ak- ’ # 0. We have that Ak- ’ is an ideal of L and then z acts nilpotently 
on it. Therefore, there exists 0 # CE Ak-’ such that 0 = [cz] = [cu’] + 
[cu’] = [cu’]. This yields u’ = 0, otherwise ad U’ would be non-singular on 
A. We conclude that z = a’ E A, so EL(x) n A # 0 whence ad x is singular on 
A. However, on each factor Ai/Aif’ (i= 1, . . . . k- l), the transformation 
induced by ad x is the same as that induced by ad u since [aA’] <A’+ ‘. 
We deduce that ad u is also singular on A. Therefore, u = 0 by hypothesis 
and then x= UE A, so ad x is nilpotent which is a contradiction with 
EL(x) # L. Hence L is an E.a.-Lie algebra. 
Now suppose that L is as in (5). Let E,(x) # L and assume that 0 # 
z E EL(x) is ad-nilpotent. Then, decompose x = a + b + s and z = a’ + b’ + s’ 
where a, a’ E A, 6, 6’ E B, and s, s’ E S. Since A is nilpotent, we can take k as 
above. Then, the transformation of A’/A’+’ induced by ad(b’+s’) is the 
same as that induced by ad z, thus b’ + s’ must be zero, so that z E A. Then 
EL(x) n A # 0, so x acts singularly on A. This yields ad u is singular on A, 
thus u = 0 by hypothesis. Therefore, x E A so that x is ad-nilpotent which is 
a contradiction. Hence L is E.a. 
Finally, if L is as in (2) or (3), then L is E.a. by Corollary 2.7. This 
completes the proof. 1 
Remark. If L is as in (5) of Theorem 4.5, then A + S is a subalgebra of 
L satisfying (4) of this theorem. 
Next, we show an example of Lie algebra satisfying (5) in 4.5. 
EXAMPLE. Let S be the non-split three-dimensional simple Lie algebra 
over the real field R. Let (e,, e,, eJ) be a basis of S such that [e,, e2] = e3, 
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[e,, es] =4e,, [e,, e3] = -4e,. Let A be the vector space over R with 
basis a,, a,, u3, u4. 
Define the representation p: S + g/(A) by 
de,) = 
0 1 0 0 
,l 
0 0 0 
0 0 0 1’ 
0 o-1 0 I 
1’ 
dd [ 
0 0 0 
0 0 1 0 
= 
o-1 0 0 
-1 0 0 0 I , 
0 
I 00 
0 2 0 
P(G) P(G) 0 0 = = 
-2 0 0 0' 
0 2 o-2 I o-2 1 0 0 L J 
Then, L = A + S+ Fb with [bS] =O, [AA] =0, and [ub] =a for every 
a E A, is a Lie algebra satisfying the conditions in Theorem 4.5(5). 
4.6. COROLLARY. Let L be a Lie algebra over an algebraically closed 
field of characteristic zero. Then L is E.a. if and only tf one the following 
holds: 
(1) L is nilpotent, 
(2) L is isomorphic to sl(2, F), 
(3) L = A i S where A is an ubeliun ideal of L, S is isomorphic to 
sl(2, F), and if A = A I @ . . . 0 A, is the decomposition of A in irreducible 
S-modules, then each Ai has even dimension. 
Proof It follows from Theorem 4.5 and [2, Lemma 2.11. 1 
5. THE REAL FIELD CASE 
5.1 LEMMA. Let L be an E.u.-Lie algebra over a field of characteristic 
zero. Zf H is a split nilpotent subalgebra of L with nil(H) # H, then H is one- 
dimensional. 
Proof By Corollary 4.3 we have that H is abelian, anisotropic, and 
triangulable on L. Now, let L = @L, be the decomposition of L into 
weight modules L, relative to ad, H. Since nil(H) # H, we have that some 
weight a is nonzero. This yields dim H = dim Ker a + 1 since a is a linear 
function on H. 
Now assume Ker a # 0 and take x E Ker a with x # 0. Let 0 # e E L,, with 
[ex] = 0, so that e E C,(x) < EL(x) # L since H is anisotropic. However, 
since C&LB1 G L,,, if a + B is a weight, and zero in other case, it follows 
that ad,e is nilpotent. This is a contradiction when L is E.a. Therefore, 
Kera=O and then dim H= 1. 1 
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5.2 THEOREM. Let L be a real semisimple Lie algebra. Then the following 
are equivalent. 
(1) L is E.a., 
(2) ad x is either nilpotent or semisimple for all x E L, 
(3) L is either compact or isomorphic to Sl(2, @)R. 
Proof. ( 1) and (2) are equivalent by Proposition 2.6. Clearly, (3) 
implies (2). To prove (2) implies (3), first suppose that L is not simple then 
L is Ad-semisimple by Corollary 2.7(2), thus L is a compact semisimple Lie 
algebra. Now assume that L is simple. If the centroid of L is @, then we can 
consider L as a Lie algebra over @, and we have that ad x must be either 
nilpotent or semisimple over @ for every x E L. This yields L is isomorphic 
to Sl(2, @)R. 
Now, assume that L is a real non-compact form of a complex simple Lie 
algebra. Let L = K+ P be a Cartan decomposition of L where K is a 
maximal compactly imbedded subalgebra of L, P is subspace of L, and 
every element of P is ad-diagonalizable over R. Take a maximal abelian 
subalgebra M of P, then M is a split toral subalgebra of L. By Lemma 5.1, 
we have that M must be one-dimensional, so that rank(L/K) = 1. But, we 
find that only eight kinds of real non-compact forms have rank(L/K) = 1. 
These are AZ( 1); AZZ(2); AZZZ(p, l), p > 1; BDZ(p, l), p > 1, p # 3; DZZZ(3) = 
AZZZ(3, 1); CZ(l)=AZZZ(l, 1); CZZ@, l), pa 1; and FZZ (see Goto [6]). 
By taking the linear representation, given by Sugiura [lo], of all these 
algebras, except FZZ, it is checked that there appear matrices which are 
neither nilpotent nor semisimple in them. Now, since they are linear 
semisimple Lie algebras, the abstract and usual Jordan-Chevalley decom- 
position coincide (see [7]), so these algebras contain elements neither 
ad-nilpotent nor ad-semisimple. 
Next, we turn to L= FZZ. Following Jacobson [9] we have that L is the 
derivation algebra of the exceptional central simple Jordan algebra 
ZZ(C,, y), where y = diag[l, - 1, l] and H(CJ, 7) is the set of 3 x 3 matrices 
with elements in the Cayley division algebra C over R which are y-her- 
mitian. The multiplication in H(C3, y) is A . B = t(AB + BA). The elements 
of H(C3, y) have the form 
Let A, BE H(C3, y), then DAB = [RAReI is an inner derivation of 
ZZ(C,, y), so that D,, E L. Suppose that the subalgebra (A, B, X) is 
associative, with the usual multiplication, for every XE H(C,, y). Then, it is 
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easily checked that DAB(X)=$[XN,,] for every XEH(C~, y) where 
N,, = CAB]. And if the subalgebras (E, F, X) and (NAB, Iv,, X> are 
also associative for every XE H(C,, y), then [Iv,,, NEF] = 0 implies that 
DAB and DEI. commute. 
Now, take the following elements of H(C3, y): 
where a, /I, 13. E R. We find that [N,,, NEF] = 0 and the pairs (A, B), (E, F), 
and (NAB, NEF) satisfy the above condition, so D,, and DEF commute. 
Moreover, for 
i 







&,(X1= f/4” [; i;nv6 +] , 
where S = 1 if n is odd, and 6 = 0 if n is even. Therefore, we have that DAB 
is not nilpotent. However, D&.=0. Now, since [DAB, D,,] =0 we 
conclude that L contains elements which are neither ad-nilpotent nor 
ad-semisimple. This completes the proof. 1 
6. THE ALGEBRAICALLY CLOSED FIELD OF 
PRIME CHARACTERISTIC CASE 
6.1 PROPOSITION. Let L be a Lie algebra over an algebraically closed 
field of arbitrary characteristic. Assume that ad x is either nilpotent or 
semisimple. Then L is a c.n.-Lie algebra. 
Proof. Let x E L, if ad x is not nilpotent then C,(x) is a toral sub- 
algebra of L by Proposition 2.4. Now, since F is algebraically closed, we 
have C,(x) is abelian. The result follows by (2.1). i 
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We have seen that the above result does not hold over the real number 
field. 
6.2 THEOREM. If F is algebraically closed with char(F) = p, then Sl( 2, F), 
the Witt algebra W,(F) Vor p > 3), and Sl(3, F)/F.l Vor p = 3) are the only 
simple Lie algebras in which each element is either ad-nilpotent or 
ad-semisimple. 
Proof It is checked that Sl(2, F), W,(F), and Sl(3, F)/F.l satisfy the 
condition in the theorem. Then the result follows from (6.1) and [2, 
Theorem A]. 1 
6.3. PROPOSITION. For an algebraically closed field, every c.n.-Lie 
algebra is E.a. 
Proof It follows from [2, Corollary 2.3 and Theorem 2.51. 1 
We are able to show the converse of Proposition 6.3 under additional 
assumptions. 
6.4 THEOREM. Let L be an E.a.-Lie algebra over an algebraically closed 
field. Assume that one of the following holds: 
(1) L is non-semisimple. 
(2) L is toral rank one. 
(3) L is almost algebraic. 
Then L is c.n. 
Proof First suppose that L is non-semisimple. Then, the nil-radical 
N(L) must be nonzero. Assume that Fx # EL(x) # L for some x E L and let 
y E EL(x)\ Fx. We have that ad y cannot be nilpotent and EL(x) n N(L) = 
E,(y) n N(L) = 0. Therefore, ad x and ad y are non-singular on N(L). It 
follows that there exist t, s E F, not both zero, such that t(ad x) + s(ad y) is 
singular on N(L). Now, consider the element z = tx + sy, we find C,(z) n 
N(L) # 0 and so EL(r) contains nonzero ad-nilpotent elements on L. This 
yields that z is ad-nilpotent. However, z E E,,(x) # L which is a contradic- 
tion. We conclude that EL(x) = Fx or L, for every x E L. Thus, the result 
follows by [2, Theorem 2.51. 
Next, we suppose that L is toral rank one, so that L has a Cartan 
decomposition L = HO L, @ .. . @L,,- ,Jor for some CL. Since CL,, Ljm] < 
LCi+ jjo and [I-IL,] < L, (for i, j = 1, . . . . p - 1 ), it follows that every element 
of L, is ad-nilpotent on L. On the other hand, as H is a Cartan subalgebra 
of L, H= EL(x) for some x E L. Now assume E,(x) # Fx and take 
y E E,(x)\ Fx. Then, ad y cannot be nilpotent, so that EL(y) n L, = 0 since 
L is E.a. Therefore, ad x and ad y are non-singularly on L,. Then, there 
exists z E (x, y ) G EL(x) with z # 0 and ad z singular on L,. We deduce 
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that 0 # L, n EL(z) < EL(z) # L which is a contradiction. Therefore, 
EL(x) = Fx so that L is rank one. By the preceding paragraph, we may 
assume that L is semisimple, then [2, Theorem B] applies and L is 
isomorphic to S1[2, F), W,(F), or S/(3, F)/F.l. 
Finally, if L is almost algebraic the result follows by Propositions 2.6 
and 6.1. 1 
6.5. COROLLARY. For an algebraically closed field F with char(F) = p, 
the only restricted simple E.a.-Lie algebras are the centralizer nilpotent 
algebras Sl(2, F), W,(F) (for p > 3), and Sl( 3, F)/F. 1 (for p = 3). Moreover, 
they are also the only simple E.a.-Lie algebras of toral rank one. 
Proof. Every restricted simple Lie algebra is almost algebraic, thus the 
result follows by Theorem 6.4. 1 
6.6. Conjecture. For an algebraically closed field F, the only simple 
E.a.-Lie algebras over F are isomorphic to S/(2, F), W,(F), or Sl(3, F)/F.l. 
6.7. THEOREM (assuming 6.6). Let L be a Lie algebra over an 
algebraically closed field F. Then the following are equivalent: 
(1) L is E.a., 
(2) L is c.n. 
Proof. We only need to prove that (1) implies (2). And by Theorem 6.4, 
we may assume that L is semisimple. If L is not simple, then there exists a 
proper subideal N of L such that N is a simple Lie algebra. Clearly, N is 
also E.a. Then, by (6.6), N has a Cartan subalgebra Fe such that all eigen- 
values of ad,e lie in the prime subfield of F. Let N = Fe@ N, 0 . . . 6 N,- I 
be the Cartan decomposition of N relative to Fe. 
On the other hand, consider the Fitting one-component M of L relative 
to ad,e. Since N is a subideal of L and e E N, it follows M < N. Thus, M = 
N,O ... ON,-, and then L=E,(e)@N,$ ... @Np-, is the Fitting 
decomposition of L relative to ad,e. We have that every element of N, is 
ad-nilpotent on L. This yields that E,(e) acts non-singularly on N, since L 
is E.a. Therefore, E,(e) must be one-dimensional. We have E,(e) = 
Fe < N # L and N is not self-normalizing, this is impossible (see [ 11). 
Consequently, L is simple and the result follows by (6.6). 1 
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